Introduction
Let G be a simple connected graph. The Wiener index W (G) of G is the sum of distances between all unordered pairs of vertices of G [11] , [20] . It is one of the oldest graph invariants studied extensively and thoroughly both in chemistry, e.g., [16] , [18] , [19] and in mathematics (under different names), e.g., [6] , [7] , [8] , [10] , [17] .
Balaban et al. [2] proposed a novel variant of the Wiener index named the reverse Wiener index. For a connected graph G with n vertices, it is defined as [2] Λ(G) = 1 2 n(n − 1)d − W (G), where d is the diameter of G. The reverse Wiener index found applications in QSPR studies, see [2] , [12] . Some mathematical properties of the reverse Wiener index have been established in [3] , [9] , [13] , [14] , [15] , [21] , see [22] , [23] for a survey. We note that the study of the reverse Wiener index is equivalent to the study of the difference between the diameter and the average distance [1] , [4] , [5] .
A tree with exactly one vertex of degree at least three is said to be starlike. Otherwise, it is non-starlike. A caterpillar is a tree such that deleting all the pendent vertices (vertices of degree one) yields a path. A tree that is not a caterpillar is said to be a non-caterpillar tree.
In [13] , we determined the n-vertex trees with the k-th largest reverse Wiener indices for all k up to ⌊ 1 2 n⌋, where n 5. In [14] , we determined the n-vertex noncaterpillar trees with the k-th largest reverse Wiener indices for all k up to ⌊ 1 2 (n−3)⌋, where n 8. All these extremal trees are starlike. Therefore it is of interest to study the reverse Wiener indices of non-starlike trees.
In this paper, we determine the n-vertex non-starlike trees with the first four largest reverse Wiener indices for n 8, and the n-vertex non-starlike non-caterpillar trees with the first four largest reverse Wiener indices for n 10.
Preliminaries
Let T be a tree with a vertex set V (T ) and an edge set E(T ). For e ∈ E(T ), n T,1 (e) and n T,2 (e) denote the number of vertices of T lying on the two sides of the edge e, respectively. It is well-known that [20] , [6] W (T ) = e∈E(T ) n T,1 (e)n T,2 (e).
Let v be a vertex of degree r + 1 in a tree T (which is not a star) with a unique non-pendent neighbor u and pendent neighbors v 1 , v 2 , . . . , v r . Let σ(T ; u, v) be the tree obtained from T by removing edges vv 1 , vv 2 , . . . , vv r and adding new edges uv 1 , uv 2 , . . . , uv r . We say that σ(T ; u, v) is a σ-transformation of T at u and v. Lemma 2.1. Let T be a tree and v a vertex of T with a unique non-pendent neighbor u and at least one pendent neighbor. Then
. . , v r be the pendent neighbors of v. Let n = |V (T )|. Obviously, n r + 3. It is easily seen that
from which the result follows.
denotes the distance between the vertices u and v in T . For u ∈ V (T ) and A ⊆ V (T ), let d T (u|A) be the sum of all distances from u to the vertices in A, i.e.,
Let P n be the n-vertex path.
Let G be a connected graph with a subgraph H. For u ∈ V (G), the distance from u to H is defined as the minimum distance between u and the vertices of H. Lemma 2.3. Let T be a tree with
as desired.
Lemma 2.4. Let T be a tree with a diameter-achieving path P = v 0 v 1 . . . v d . Let v s and v t with 0 < s < t < d be two vertices of degree at least three such that all internal vertices (if any) of the path connecting them have degree two. Form a tree T ′ by removing the edges outside P incident with v s to v t and a tree T ′′ by removing the edges outside P incident with v t to v s . Then
P r o o f. Let n s or n t be the number of vertices of the tree containing v s or v t resulting from T by deleting the edge v s v s+1 or v t−1 v t , respectively. Let a + 1 or b + 1 be the number of vertices of the tree containing v s or v t resulting from T by deleting edges v s−1 v s and v s v s+1 or v t−1 v t and v t v t+1 , respectively. Let c = t − s. Let n = |V (T )|. Then n = n s + n t + c − 1. It is easily seen that
Similarly,
Reverse Wiener indices of non-starlike trees
Let N S n,d be the class of non-starlike trees with n vertices and diameter d, where 3 d n − 3. Let N n,d be the tree obtained from the path P d+1 = v 0 v 1 . . . v d by attaching n − d − 2 pendent vertices to v ⌊d/2⌋ and one pendent vertex to v ⌊d/2⌋+1 . See Figure 2 .
with equality if and only if T = N n,d .
Let T be a tree in N S n,d with a minimum Wiener index. We need only to show that T = N n,d . Let P = v 0 v 1 . . . v d be a diameter-achieving path of T .
Suppose that there exists a vertex in T (outside P ), the distance from which to P is at least two. Let u be such a vertex, the distance from which to P is maximal. Then u is pendent. Let uvw . . . be the shortest path from u to P . Note that σ(T ; w, v) ∈ N S n,d . By Lemma 2.1 we have W (σ(T ; w, v)) < W (T ), a contradiction. It follows that T is a caterpillar.
Since T ∈ N S n,d , there are at least two vertices on P of degree at least three.
If there are at least three vertices on P of degree at least three, then for two such vertices with minimal distance, say v s and v t on P , by Lemma 2.4 we may relocate the observed pendent edges (edges incident to the pendent vertices) outside P in such a way that the edges which were previously attached at v s are now attached at v t , or, conversely, to obtain a tree in N S n,d with a Wiener index smaller than T , a contradiction.
Hence there are exactly two vertices, say v i and v j on P of degree at least three. Suppose without loss of generality that 
we may turn to the first case by relabeling the vertices of the path P conversely. Hence T has exactly two vertices v ⌊d/2⌋ and v ⌊d/2⌋+1 of degree at least three on P . Then
which is minimal for fixed n and d if and only if 
By Theorem 3.1 and Lemma 3.1, we have Theorem 3.3. Let T be an n-vertex non-starlike tree with n 6. Then
with equality if and only if T = N n,n−3 .
Let N n,n−3 (i, j) be the tree formed from the path P n−2 = v 0 v 1 . . . v n−3 by attaching a pendent vertex at vertices v i and v j , respectively, where
n − 4 and thus, if n is even, then we may further restrict i and j as i < j 1 2 (n − 4) or n − 3 − i j n − 4. Similarly, if n is odd, then we may further restrict i and j as (a) 1 i 1 2 (n − 5), and i < j
It is easily seen that
and then
for even n 6, and
For even n and (s, t) ∈ U e n , let
for odd n
Lemma 3.4. Let T be an n-vertex non-starlike tree different from N n,n−3 with diameter n − 3, where n 8. If n is even and T = N n,n−3
P r o o f. Obviously, any n-vertex non-starlike tree with diameter n − 3 is of the form N n,n−3 (i s , j t ), where (s, t) ∈ U e n for even n and (s, t) ∈ U o n for odd n. C a s e 1 . n is even. It is easily seen that Since Λ(N n,n−3 (i s , j t )) =
C a s e 2 . n is odd. It is easily seen that g(0, 1) = 2 < g(−1, 1) = 4 < g(0, 2) = g(−2, −1) = 6 < g(−1, 2) = 8. 
The result follows by combining Cases 1 and 2.
Note that N 6,3 (see Figure 3 ) is the only 6-vertex non-starlike tree, and N 7,4 , N 7,4 (1, 3), and N 7,3 (see Figure 3 ) are all the 7-vertex non-starlike trees. It is easily seen that Λ(N 7,4 ) = 38 > Λ(N 7,4 (1, 3)) = 36 > Λ(N 7,3 ) = 21. Theorem 3.5. Let T be an n-vertex non-starlike tree with n 8, and T = N n,n−3 .
(i) If n is even and T = N n,n−3
(ii) If n is odd and T = N n,n−3
4 n(n − 2) + 6 for even n, for odd n.
We have i.e., Λ(N n,n−4 ) < Λ(N n,n−3 (i −1 , j 2 )). Now the result follows from Lemma 3.2.
Reverse Wiener indices of non-starlike non-caterpillar trees
Let N SC n,d be the class of non-starlike non-caterpillar trees with n vertices and diameter d, where 4 d n − 4. Let N n,d be the tree obtained from the path P d+1 = v 0 v 1 . . . v d by attaching n − d − 4 pendent vertices and a path P 2 to the vertex v ⌊d/2⌋ and attaching one pendent vertex to the vertex v ⌊d/2⌋+1 , see Figure 4 . 
P r o o f. By direct calculation, we have
Let T be a tree in N SC n,d with minimum Wiener index. We need only to show that T = N n,d . Let P = v 0 v 1 . . . v d be a diameter-achieving path of T .
Suppose that there exists a vertex in T (outside P ), the distance from which to P is at least three. Let w be such a vertex, the distance from which to P is maximal. Then w is pendent. Let wvu . . . be the shortest path from w to P . Note that σ(T ; u, v) ∈ N SC n,d . By Lemma 2.1, we have W (σ(T ; u, v)) < W (T ), a contradiction. Thus the maximal distance from the vertices outside P to P is two. Suppose that there are at least two vertices of degree at least two outside P . For any such vertex, say z, with z ′ denoting its neighbor on P , we have σ(T ; z ′ , z) ∈ N SC n,d
and by Lemma 2.1, W (σ(T ; z ′ , z)) < W (T ), a contradiction. It follows that there is exactly one vertex, say x, of degree at least two outside P . Let s be the number of pendent neighbors of x. If s > 1, we obtain a tree T ′ ∈ N SC n,d from T by moving s − 1 pendent neighbors of x to its neighbor on P .
Obviously n − s > 3. Then
a contradiction. Thus the only vertex outside P of degree at least two has degree two.
If there are at least three vertices of degree at least three on P , then for two such vertices with minimal distance, by Lemma 2.4 we obtain a tree in N SC n,d with a Wiener index smaller than T , a contradiction. It follows that there are exactly two vertices, say v i and v j , of degree at least three on P . Note that there is exactly one vertex x outside P having degree two, and all other vertices outside P are pendent. Suppose without loss of generality that x is a neighbor of v i . Let a or b be the number of pendent neighbors of v i or v j , respectively, outside P , where a 0 and b 1.
If |i − 1 2 d| > |j − 1 2 d|, then by moving all the pendent neighbors (if such exist) outside P of v i to v j and the pendent neighbor of x to a pendent neighbor of v j , we obtain a tree T 1 ∈ N SC n,d , and by Lemma 2.2, it is easily seen that
If b 2, then by moving all but one pendent neighbors of v j outside P to v i , we have a tree T 2 ∈ N SC n,d , and by Lemma 2.2, it is easily seen that
a contradiction. Thus b = 1, i.e., v i has n− d− 4 pendent neighbors and one neighbor x of degree two (outside P ), and v j has exactly one pendent neighbor (outside P ). Then
By Theorem 4.1 and Lemma 4.1, we have 
for even n 8, and
For even n and (s, t) ∈ C e n , let i s = 
−f 2 (s, t) for even n, −g 2 (s, t) for odd n.
Lemma 4.4. Let T be an n-vertex non-starlike non-caterpillar tree with diameter d = n − 4, where n 10 and T = N n,n−4 . If n is even, and T = N n,n−4 (i −1 , j 0 ),
while if n is odd and T = N n,n−4 (i 0 , j −1 ), N n,n−4 (i 0 , j 2 ), N n,n−4 (i −1 , j 0 ), N n,n−4
P r o o f. Obviously, any n-vertex non-starlike non-caterpillar tree with diameter d = n − 4 is of the form N n,n−4 (i s , j t ), where (s, t) ∈ C e n for even n and (s, t) ∈ C o n for odd n.
C a s e 1 . n is even. It is easily seen that
Suppose that (s, t) = (0, 1), (−1, 0), (−1, 1), (0, 2), (−1, −2). Since 2|s − t| 2, we have (s, t) = (−1, 2) and then
0 and then
> Λ( N n,n−4 (i −1 , j 1 ))
> Λ( N n,n−4 (i 0 , j 2 )) = Λ( N n,n−4 (i −1 , j −2 ))
> Λ(T ).
C a s e 2 . n is odd. It is easily seen that g 2 (0, 1) = 2 < g 2 (0, −1) = 4 < g 2 (0, 2) = g 2 (−1, 0) = 6 < g 2 (−1, 1) = 8. 4 −g 2 (s, t) and T = N n,n−4 (i 0 , j 1 ), N n,n−4 (i 0 , j −1 ), N n,n−4 (i 0 , j 2 ), N n,n−4 (i −1 , j 0 ), N n,n−4 (i −1 , j 1 ), we have Λ( N n,n−4 (i 0 , j 1 )) > Λ( N n,n−4 (i 0 , j −1 )) > Λ( N n,n−4 (i 0 , j 2 )) = Λ( N n,n−4 (i −1 , j 0 )) > Λ( N n,n−4 (i −1 , j 1 ))
Note that N 8,4 (see Figure 5 ) is the only 8-vertex non-starlike non-caterpillar tree, and N 9,5 , N 9,5 (2, 1), N 9,5 (2, 4) , and N 9,4 (see Figure 5 ) are all the 9-vertex nonstarlike non-caterpillar trees. It is easily seen that Λ( N 9,5 ) = 86 > Λ( N 9,5 (2, 1)) = 84 > Λ( N 9,5 (2, 4)) = 82 > Λ( N 9,4 ) = 58. Theorem 4.5. Let T be an n-vertex non-starlike non-caterpillar tree with n 10, and T = N n,n−4 .
(i) If n is even and T = N n,n−4
Then Λ( N n,n−5 ) − Λ( N n,n−4 (i s , j t )) = − 1 4 (n 2 + 2n + 24) + f 2 (s, t) for even n, for odd n. Then Λ( N n,n−5 ) < Λ( N n,n−4 (i −1 , j −2 )) for even n and Λ( N n,n−5 ) < Λ( N n,n−4 (i −1 , j 1 )) for odd n. Now the result follows from Lemma 4.2.
